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1. Introduction
In this paper, we study the following problem:{−∆u+ a(x)u= |u|2∗−2u,
u ∈D1,20 (Ω),
(P)
where Ω is an unbounded domains with smooth boundary in RN , 2∗ = 2N/
(N − 2), a(x) ∈C1(Ω) satisfies the following conditions:
(A1) a ∈ LN/2(Ω).
(A2) Ω− = {x ∈Ω | a(x) < 0} 	= ∅.
Without losing generality we may assume that θ ∈ Ω− and there is a δ > 0
such that B(θ,4δ)⊂⊂Ω−.
When Ω is a bounded domain with smooth boundary in RN (N  5), similar
problem has been studied by many mathematicians; for example, in [3], Brézis
and Nirenberg studied problem (P). In [4], Capozzi et al. prove that when Ω
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is a bounded domain with smooth boundary and a(x) ≡ λ for some negative
constant λ, then problem (P) has a nontrivial solution. Recently, more and more
attention has been put on the existence of the solution for the problem when Ω
is unbounded. In [6], Drábek and Huang consider the p-Laplace equation with
parameter λ:
−∆pu= λg(x)|u|p−2u+ f (x)|u|p∗−2u, u ∈D1,p0
(
R
N
)
,
where∆pu= div(|∇u|p−2∇u), p∗ = pN/(N−p). They proved that under some
condition on f (x) and g(x), the equation has positive solution when λ small
enough. In [1], Ben-Naoum et al. use the Concentration–Compactness Principal
to prove the existence of positive solution for the equation
−∆pu+ a(x)|u|q−2u= |u|p∗−2u, u ∈D1,p0 (Ω),
for q >
(N + 1)p2 − 2Np
(N − p)(p − 1) , p 
√
N.
In this paper, we give a variant of a result by Szulkin and Willem about the eigen-
values of the Laplacian in [7], then use the linking theorem and delicate estimate
to obtain the following results:
Theorem 1. If N  5, Ω is an unbounded domain with smooth boundary in RN ,
a(x) ∈C1(Ω) satisfies (A1)–(A2), then (P) has a nontrivial solution.
This paper is organized as follows: In Section 2 we give some lemmas, in
Section 3 we give the proof of Theorem 1.
Notation. For u ∈ Lp(Ω), |u|p := (
∫
Ω |u|p)1/p. D1,20 (Ω) denotes the closure of
C∞0 (Ω) in the norm ‖u‖ = |∇u|2 = (
∫
Ω
|∇u|2 dx)1/2. For a function f defined
in Ω, f+(x) and f−(x), respectively, denote the functions max{f (x),0} and
max{−f (x),0}.NotationO(τ), τ → 0+, means that there exists constantsM > 0
and δ > 0 such that for any τ ∈ (0, δ), |O(τ)/τ |M. Notation o(τ), τ → 0+,
means limτ→0+ o(τ)/τ = 0.
2. Some lemmas
In [7], Szulkin and Willem proved the weak continuity of the mapping χ :
D1,20 (Ω)→R, u →
∫
Ω V
+(x)u2, under some assumption on V ; then they used it
to show that the eigenvalue problem−∆u= λV +(x)u has infinite eigenvalues λn,
n= 1,2, . . . , satisfying 0 < λ1  λ2  · · · λn  · · · and λn →∞, n→∞. We
notice that the weak continuity means that all suitable normalized eigenfunctions
en corresponding to λn, n = 1,2, . . . , become an orthonormal base in Hilbert
space D1,20 (Ω). This fact is useful in many fields especially in linking theorem
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(without it we cannot use linking theorem to get the existence result for some
semilinear elliptic equations). Following this idea, we give a lemma (Lemma 1)
which seems to be a slight improvement of Theorem 2.3 in [7] in some sense.
Lemma 1. Let g ∈ LN/2 ∩ C1(Ω) such that a−(x) + g(x) > 0 for any x ∈ Ω
and g(x) = 0 for any x ∈ B(θ,4δ). Then under the conditions (A1)–(A2), the
eigenvalue problem
−∆u+ (a+ + g)u= λ(a− + g)u, u ∈D1,20 (Ω),
has eigenvalues 0 < λ1 < λ2  λ3  · · · and λn →+∞ (n→∞). And there
exists the corresponding eigenfunction ei of λi such that ei ∈ C2(Ω), i =
1,2, . . . , and {e1, e2, e3, . . .} becomes an orthonormal base of Hilbert space
D1,20 (Ω).
Proof. Since a− + g ∈LN/2(Ω), then for u ∈D10(Ω)
|||u||| =
√√√√|∇u|22 +
∫
Ω
(a+ + g)u2 dx
is a norm equivalent to || · ||, the inner product corresponding to ||| · ||| is
〈u,v〉 =
∫
Ω
(∇u∇v + (a+ + g)u · v) dx.
By Frechet–Riesz theorem (cf. [5]), for any f ∈D1,20 (Ω) there exists a unique
Gf ∈D1,20 (Ω) such that for any v ∈D1,20 (Ω) we have∫
Ω
∇(Gf )∇v dx +
∫
Ω
(a+ + g)(Gf )v dx =
∫
Ω
(a− + g)f v dx. (∗)
Then G :f → Gf defines a symmetric, positive, linear operator from D1,20 (Ω)
to D1,20 (Ω). We now prove that G is a compact operator. Assume fn ∈D1,20 (Ω),
n= 1,2, . . . , fn ⇀ θ (D1,20 (Ω)); then fn → θ (L2loc(Ω)). By (∗) we have
|||Gfn||| = sup
{∣∣∣∣∣
∫
Ω
∇(Gfn)∇v dx +
∫
Ω
(a+ + g)(Gfn)v dx
∣∣∣∣∣;
v ∈D1,20 (Ω), |||v||| = 1
}
= sup
{∣∣∣∣∣
∫
Ω
(a− + g)fnv dx
∣∣∣∣∣; v ∈D1,20 (Ω), |||v||| = 1
}
.
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From (A1), for any ε > 0, there exists an r > 0, such that
( ∫
Ω\B(θ,r)
∣∣a−(x)+ g(x)∣∣N/2 dx
)2/N
< ε.
We have∣∣∣∣∣
∫
Ω
(a− + g)fnv dx
∣∣∣∣∣

( ∫
Ω\B(θ,r)
∣∣a−(x)+ g(x)∣∣N/2 dx
)2/N
×
( ∫
Ω\B(θ,r)
|fn|2∗ dx
)1/2∗( ∫
Ω\B(θ,r)
|v|2∗ dx
)1/2∗
+
( ∫
Ω∩B(θ,r)
∣∣a−(x)+ g(x)∣∣N/2 dx
)2/N
×
( ∫
Ω∩B(θ,r)
|fn|2∗ dx
)1/2∗( ∫
Ω∩B(θ,r)
|v|2∗ dx
)1/2∗
 εC|||fn||| · |||v||| +C|||v||| |a+ g|N/2
( ∫
Ω∩B(θ,r)
|fn|2∗ dx
)1/2∗
, (1)
where the last inequality comes from the Sobolev inequality. By fn → θ
(L2loc(Ω)) and the fact that {|||fn|||} is bounded, we have |
∫
Ω
(a− + g)fnv dx|
→ 0 (n→∞), so |||Gfn||| → 0 (n→∞). Thus G is a compact operator. Since
a−(x)+ g(x) > 0 for any x ∈ Ω we know that the kernel of G is {θ}. Thus by
the spectral theory of symmetric compact operator in Hilbert space, that is the
Hilbert–Schmidt theorem (cf. [5]), we know that the spectrum of G is a discrete
sequence of positive numbers µ1,µ2,µ3, . . . , satisfies 0 < λ1 < λ2  λ3  · · · ,
λn → +∞ (n → ∞), where λi = 1/µi , i = 1,2, . . . , and the corresponding
eigenfunctions ei, i = 1,2, . . . , become a base of D1,20 (Ω).
Because
−∆ei + (a+ + g)ei = λi(a− + g)ei , i = 1,2, . . . ,
by Brézis–Kato theorem (cf. [2]), we have ei ∈ C2(Ω), i = 1,2, . . . . ✷
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Assume ψ ∈ C∞0 (RN) satisfies, when x ∈ B(θ, δ), ψ(x)= 1; when x ∈RN \
B(θ,2δ), ψ(x)= 0, and 0ψ  1 in RN . Let ε be greater than zero. Define
uε = ψ(x)
(ε+ |x|2)(N−2)/2 , vε =
uε
|uε|2∗ .
Lemma 2. Under the assumption above, we have∫
Ω
|vε|2∗ dx = 1,
∫
Ω
|vε|2∗−1 dx =O
(
ε(N−2)/4
)
,
∫
Ω
|∇vε|dx =O
(
ε(N−2)/4
)
,
∫
Ω
|vε|dx =O
(
ε(N−2)/4
)
.
Proof. Obviously,∫
Ω
|vε|2∗ dx = 1,
and we have
|uε|2∗2∗ =
∫
Ω
ψ(x)
(ε+ |x|2)(N−2)/2 dx
=
∫
B(θ,δ)
1
(ε+ |x|2)N dx +
∫
B(θ,2δ)\B(θ,δ)
ψ(x)
(ε+ |x|2)(N−2)/2 dx
=
∫
B(θ,δ)
1
(ε+ |x|2)N dx +O(1)
=
∫
B(θ,δ)
1
(1+ |x/√ε |2)N · εN dx +O(1)
=
∫
B(θ,δ/
√
ε )
εN/2
(1+ |y|2)N · εN dy +O(1)
= 1
εN/2
∫
B(θ,δ/
√
ε )
1
(1+ |y|2)N dy +O(1)
= K
εN/2
+O(1).
So we have
|uε|2∗ = K1
ε(N−2)/4
+O(1).
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Notice that∫
Ω
|uε|dx =
∫
B(θ,δ)
1
(ε+ |x|2)(N−2)/2 dx +O(1)
= ε
∫
B(θ,δ/
√
ε )
1
(1+ |y|2)(N−2)/2 dy +O(1)
= ε
∫
B(θ,δ/
√
ε )\B(θ,1)
1
|y|N−2 dy +O(1)
=Cε
δ/
√
ε∫
1
r dr +O(1)=O(1).
We have∫
Ω
|vε|dx =O(ε(N−2)/4), ε→ 0+.
Because
∇uε = ∇ψ(x)
(ε+ |x|2)(N−2)/2 −
(N − 2)xψ(x)
(ε+ |x|2)N/2 ,∫
RN
|∇ψ(x)|
(ε+ |x|2)(N−2)/2 dx =
∫
B(θ,2δ)\B(θ,δ)
|∇ψ(x)|
(ε+ |x|2)(N−2)/2 dx =O(1),
and ∫
RN
|x|ψ(x)
(ε+ |x|2)N/2 dx
=
∫
B(θ,δ)
|x|
(ε+ |x|2)N/2 dx +
∫
B(θ,2δ)\B(θ,δ)
|x|ψ(x)
(ε+ |x|2)N/2 dx
=
∫
B(θ,δ)
|x|
(ε+ |x|2)N/2 dx +O(1)
=
∫
B(θ,δ)
|x|
(1+ |x/√ε |2)N/2 · εN/2 dx +O(1)
=√ε
∫
B(θ,1)
|y|
(1+ |y|2)N/2 dx
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+√ε
∫
B(θ,δ/
√
ε )\B(θ,1)
|y|
(1+ |y|2)N/2 dx +O(1)
=√ε
∫
B(θ,1)
|y|
(1+ |y|2)N/2 dx +
√
ε
∫
B(θ,δ/
√
ε )\B(θ,1)
1
|y|N−1 dx +O(1)
=O(√ε )+√ε ·C
δ/
√
ε∫
1
dr +O(1)=O(1),
thus
∫
Ω
|∇vε|dx =O
(
ε(N−2)/4
)
.
Similarly
∫
Ω
|uε|2∗−1 dx =
∫
Ω
|ψ(x)|2∗−1
(ε+ |x|2)(N+2)/2 dx
=
∫
B(θ,δ)
1
(ε+ |x|2)(N+2)/2 dx
+
∫
B(θ,2δ)\B(θ,δ)
|ψ(x)|2∗−1
(ε+ |x|2)(N+2)/2 dx
=
∫
B(θ,δ)
1
(1+ |x/√ε |2)(N+2)/2 · ε(N+2)/2 dx +O(1)
= 1
ε
∫
B(θ,δ/
√
ε )
1
(1+ |y|2)(N+2)/2 dy +O(1)
=O(1/ε),
thus
∫
RN
|vε|2∗−1 dx =
∫
RN
|uε|2∗−1 dx
|uε|2∗−12∗
= O(1/ε)
(O(1/ε(N−2)/4))(N+2)/(N−2)
=O(ε(N−2)/4). ✷
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3. Proof of Theorem 1
Define
ϕ(u)=
∫
Ω
(
1
2
|∇u|2 + 1
2
a(x)u2 − 1
2∗
|u|2∗
)
dx.
If a sequence {un} ⊂ D1,20 (Ω) satisfies ϕ(un)→ c, ϕ′(un)→ θ (D1,20 (Ω))′, we
call it a (PS)c sequence.
Lemma 3. If N  5, then there exist a constant c and a sequence {un} ⊂D1,20 (Ω)
such that 0 < c < c∗ := (1/N)SN/2, and
ϕ(un)→ c, ϕ′(un)→ θ
(D1,20 (Ω))′ (n→∞).
Proof. If 1 < λ1, then
|||u||| =
√√√√|∇u|22 +
∫
Ω
a(x)u2 dx
is a equivalent norm of || · || in D1,20 (Ω). By the condition (A2) and the same
technique as in [3], we can easily see the result.
We now assume that 0 < λ1  · · ·  λn−1  1 < λn  · · · , for some n  2.
Define Y = span {e1, . . . , en−1}, Z = Y⊥ in D1,20 (Ω). Define zε = εPvε , where
P is the projection operator from D1,20 (Ω) to Z. Let rε = ||zε|| then there exists
ρε > 0 such that
bε = inf
u∈Nε
ϕ(u) > 0 aε = max
u∈Mε,0
ϕ(u),
where
Mε =
{
u= y + λzε; ||u|| ρε, λ 0, y ∈ Y
}
= {u= y + λvε; ||u|| ρε, λ 0, y ∈ Y},
Mε,0 =
{
u= y + λzε; ||u|| = ρε, y ∈ Y and λ 0, or
||u|| ρε and λ= 0
}
,
Nε =
{
u ∈Z; ||u|| = rε
}
.
From the linking theorem we know that cε = infγ∈Γε maxu∈Mε ϕ(γ (u)), where
Γε = {γ ∈ C(Mε,D1,20 (Ω)); γ |Mε,0 = id}, satisfies cε  bε > 0 and there exists
a (PS)cε sequence. Obviously cε maxu∈Mε ϕ(u). Because Mε is compact, there
exists yε+ tεvε ∈Mε such that ϕ(yε+ tεvε)=maxu∈Mε ϕ(u). We now prove that
there exists ε > 0 which is small enough such that ϕ(yε + tεvε) < (1/N)SN/2.
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Notice that
ϕ(yε + tεvε)
=
∫
Ω
(
1
2
∣∣∇(yε + tεvε)∣∣2 + 12a(x)|yε + tεvε|2 − 12∗ |yε + tεvε|2∗
)
dx
= 1
2
∫
Ω
|∇yε|2 dx + 12
∫
Ω
∣∣∇(tεvε)∣∣2 dx +
∫
Ω
∇yε∇(tεvε) dx
+ 1
2
∫
Ω
a(x)|yε|2 dx + 12
∫
Ω
a(x)|tεvε|2 dx +
∫
Ω
a(x)yε · tεvε dx
− 1
2∗
∫
Ω
|yε + tεvε|2∗ dx.
Recall the following inequality: ∃η > 0, such that for any a, b ∈R, we have
|a + b|2∗  |a|2∗ + |b|2∗ − η(|a|2∗−1|b| + |a||b|2∗−1).
So we have
ϕ(yε + tεvε)
 1
2
∫
Ω
|∇yε|2 dx + 12
∫
Ω
a(x)|yε|2 dx −
∫
Ω
1
2∗
|yε|2∗ dx
+ 1
2
∫
Ω
∣∣∇(tεvε)∣∣2 dx + 12
∫
Ω
a(x)|tεvε|2 dx −
∫
Ω
1
2∗
|tεvε|2∗ dx
+
∫
Ω
∇yε∇(tεvε) dx +
∫
Ω
a(x)yε · tεvε dx
+ η
∫
Ω
|yε|2∗−1|tεvε|dx + η
∫
Ω
|yε||tεvε|2∗−1 dx.
Since yε ∈ Y, we may assume yε =∑n−1i=1 αε,iei . Because suppvε ⊂ B(θ,2δ)⊂⊂
Ω− and (a− + g)(x) = a−(x)=−a(x), (a+ + g)(x)= 0 for any x ∈ B(θ,4δ),
we have∫
Ω
∇ei∇(tεvε) dx =−λi
∫
Ω
a(x)ei · tεvε dx.
Hence∫
Ω
∇yε∇(tεvε) dx =−
n−1∑
i=1
λiαε,i
∫
Ω
a(x)ei · tεvε dx,
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∫
Ω
a(x)yε · tεvε dx =
n−1∑
i=1
αε,i
∫
Ω
a(x)ei · tεvε dx,
and ∫
Ω
∇yε∇(tεvε) dx +
∫
Ω
a(x)yε · tεvε dx
=
n−1∑
i=1
αε,i(1− λi)
∫
Ω
a(x)ei · tεvε dx.
Because∫
Ω
(∇ei∇ej + (a+ + g)eiej )dx = 0,
∫
Ω
(a− + g)eiej dx = 0
(i 	= j),
so ∫
Ω
(|∇yε|2 + a(x)|yε|2)dx
=
∫
Ω
(|∇yε|2 + (a+ + g)|yε|2 − (a− + g)|yε|2)dx
=
n−1∑
i=1
α2ε,i
∫
Ω
(|∇ei |2 + (a+ + g)|ei |2)dx −
∫
Ω
(a− + g)|yε|2 dx
=
n−1∑
i=1
α2ε,iλi
∫
Ω
(a− + g)|ei |2 dx −
n−1∑
i=1
α2ε,i
∫
Ω
(a− + g)|ei |2 dx
=
n−1∑
i=1
α2ε,i(λi − 1)
∫
Ω
(a− + g)|ei |2 dx.
Thus
ϕ(yε + tεvε)
−1
2
n−1∑
i=1
α2ε,i(1− λi)
∫
Ω
(a− + g)|ei |2 dx − 12∗
∫
Ω
|yε|2∗ dx
+ 1
2
∫
Ω
∣∣∇(tεvε)∣∣2 dx + 12
∫
Ω
a(x)|tεvε|2 dx − 12∗
∫
Ω
|tεvε|2∗ dx
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+
n−1∑
i=1
|αε,i |(1− λi)
∫
Ω
a−|ei |tεvε dx + η
∫
Ω
|yε|2∗−1|tεvε|dx
+ η
∫
Ω
|yε||tεvε|2∗−1 dx.
We are now going to prove that
lim sup
ε→0+
||yε||<+∞, lim sup
ε→0+
tε <+∞.
If it is not true, then there exists a sequence {εn} such that εn→ 0+ and
lim
n→∞||yεn|| = +∞ or limn→∞ tεn =+∞.
Since dimY <∞, then all norms in Y are equivalent; thus there exist constants
C1,C2,C3,C4 such that
tεn
n−1∑
i=1
|αεn,i |(1− λi)
∫
Ω
a−|ei |vεn dx  C1
(
t2εn + ||yεn||2
)
and
tεn
∫
Ω
|yεn|2
∗−1|vεn |dx
 tεn
(
max |yεn |2
∗−1)∫
Ω
|vεn |dx  tεn
(
max |yεn|
)2∗−1 ∫
Ω
|vεn |dx
C2tεn ||yεn||2
∗−1
∫
Ω
|vεn |dx  C3
(
t2
∗
εn
+ ||yεn||2
∗)∫
Ω
|vεn |dx;
in the last inequality we applied Young inequality. Similarly, we have∫
Ω
|yεn||tεnvεn |2
∗−1 dx  C4
(
t2
∗
εn
+ ||yεn||2
∗)∫
Ω
|vεn |2
∗−1 dx.
Since ∫
Ω
|vεn |dx =O
(
ε(N−2)/4
)
,
∫
Ω
|vεn |2
∗−1 dx =O(ε(N−2)/4),
we have
lim
n→∞ϕ(yεn + tεnvεn)=−∞.
It contradicts that ϕ(yεn + tεnvεn) > 0.
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Now we may assume that tε  C5, where C5 is a constant. When N  5 we
have (see [3] for reference)
1
2
∫
Ω
∣∣∇(tεvε)∣∣2 dx + 12
∫
Ω
a(x)|tεvε|2 dx − 12∗
∫
Ω
|tεvε|2∗ dx
 1
N
(
S −C6ε +O
(
ε(N−2)/2
))N/2 = 1
N
SN/2 − 1
2
C6ε+O
(
ε(N−2)/2
)
,
where C6 = infx∈B(θ,2δ) a−(x) > 0. Then
ϕ(yε + tεvε) 1
N
SN/2 − 1
2
C6ε+O
(
ε(N−2)/2
)
−
n−1∑
i=1
di(1− λi)α2ε,i +
n−1∑
i=1
li(1− λi)|αε,i |
∫
Ω
|vi |dx
− 1
2∗
∫
Ω
|yε|2∗ dx +C7η||yε||2∗−1
∫
Ω
vε dx
+C8η||yε||
∫
Ω
v2
∗−1
ε dx,
where di = (1/2)
∫
Ω
(a− + g)|ei |2 dx , li = C5 maxx∈Ω a−(x)|ei(x)|.
If N > 6, then by∫
Ω
|vε|dx =O
(
ε(N−2)/4
)
,
∫
Ω
|vε|2∗−1 dx =O
(
ε(N−2)/4
)
we know that ϕ(yε + tεvε) < (1/N)SN/2, for ε small enough.
When N = 6, if lim supε→0+ ||yε||> 0, then
lim sup
ε→0+
∫
Ω
|yε|2∗ dx > 0.
We may choose a sequence εn→ 0+ such that
lim
n→∞
∫
Ω
|yεn|2
∗
dx > 0;
then for n big enough, we have ϕ(yεn + tεnvεn) < (1/N)SN/2.
If limε→0+ ||yε|| = 0, then
n−1∑
i=1
li(1− λi)|αε,i |
∫
Ω
vε dx = o(ε),
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C7η||yε||2∗−1
∫
Ω
vε dx = o(ε),
C8η||yε||
∫
Ω
v2
∗−1
ε dx = o(ε),
so we have ϕ(yε + tεvε) < (1/N)SN/2, when ε small enough.
When N = 5, if lim supε→0+ ||yε|| > 0, as in the case of N = 6 we know
that there exists an ε small enough such that ϕ(yε + tεvε) < (1/N)SN/2. If
limε→0+ ||yε|| = 0, by Young inequality we have
||yε||
∫
Ω
v2
∗−1
ε dx 
||yε||3.5
3.5
+ (
∫
Ω v
2∗−1
ε dx)
7/5
7/5
= ||yε||
3.5
3.5
+O(ε21/20).
Note that for ε small enough, we have
− 1
2∗
∫
Ω
|yε|2∗ dx + ||yε||3.5/3.5 0.
If lim supε→0+ αε,i/ε(N−2)/4 <+∞, then for ε small enough, we have
−1
2
C6εn + li(1− λi)|αεn,i |
∫
Ω
vεn dx < 0.
If limε→0+ αε,i/ε(N−2)/4 =+∞, then for ε small enough, we have
−di(1− λi)(αε,i)2 + li(1− λi)|αε,i |
∫
Ω
vε dx  0.
So, when N = 5, there exists ε small enough, such that ϕ(yε + tεyε) < (1/N)×
SN/2.
In short, when N  5, there exists ε > 0 small enough such that
ϕ(yε + tεyε) < 1
N
SN/2. ✷
Lemma 4. If 0 < c < (1/N)SN/2, then any (PS)c sequence satisfies (PS) con-
dition.
For the proof see [8].
Proof of Theorem 1. We obtain Theorem 1 immediately from Lemmas 3 and 4.✷
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